As a model problem for the miscible and imiscible two phase ow we consider the following system of partial di erential equations:
Introduction
The aim of this paper is to present a robust discretization for convection dominated two phase ow problems and to give a convergence result of the scheme towards the exact solution of the problem. To handle the convection dominated problem we propose a Mixed Finite Element Method combined with a Finite Volume Scheme, which is capable to resolve shock fronts in a proper manner. Such Finite Volume Schemes are well known and studied for hyperbolic conservation laws 1 , 2 , 3 , 4 . Convergence results for scalar convection dominated di usion problems were stated and proved in 5 , 6 , 7 . Mixed Finite ElementFinite Volume Schemes for two phase ow problems were proposed in 8 , but without any convergence results. Discretizations by combined Mixed Finite Element -Galerkin Finite Element Methods were proposed in 9 and 10 . In 9 a convergence proof for such a method is given in the case of miscible two phase ow. In 11 the convergence result stated here was proven. In Section 2 we de ne a model problem for the two phase ow in porous media. In Section 3 the notations are clari ed and some assumptions on the underlying grid are stated. The numerical scheme is de ned in Section 4, where also the main result is formulated in the Theorem 4.5. Finally in Section 5 we give some numerical results, which validate the convergence rates of the theoretical results.
Statement of the problem
Starting from the physical models of miscible and imiscible two phase ow problems 10 
3 Notations and assumptions on the triangulation Following Kr oner, Rokyta 7 and Herbin 6 let us de ne some notations. Furthermore we shall use the following notation for the time discretization:
J h := ft n 2 Jj t n = 4t n; with n 2 f0; ::; Mg such that 4t M = Tg, f n (x) = f(x; t n ) for any function f(x; t). For given discrete data c n i let the global function c h ( ; t n ) be de ned as c h (x; t n )j Ti = c n i for all T i 2 T h and for a global function c 2 L 2 ( ) we de ne the interpolation I h (c) as:
I h (c( ; t))j Ti = I h (c( ; t)) i := c(x i ; t) for all T i 2 T h . 4 De nition of the scheme and major result
With the notations of Chapter 3 let us now de ne a rst order numerical scheme for the solution of the model problem 2.1. To handle the di erent types of equations within the system (1) to (3) in an appropriate manner, we use a Mixed Finite Element discretization for the saddle point type equations (1), (2), while the concentration equation (3) will be discretised with a Finite Volume Scheme. 2. For given (U h ( ; t n ); P h ( ; t n )) calculate C h ( ; t n+1 ) with the full discrete Finite Volume Scheme, de ned as:
Here L h is de ned as in De nition 4.3.
The major result
Theorem 4.5 (Convergence of the full discrete scheme) Let Scheme of De nition 4.4: T = 0:2, = 0:01
The Henry Problem
The Henry Problem describes the process of salt water intrusion in a bounded aquifer (cf. 13 ). Thereby fresh water ows with a constant ux rate from the inland side into the aquifer, where it is mixed with salt water, coming into the aquifer from the sea side. Finally the uid is transported to the sea.
The geometry of the Henry problem: As an example for an imiscible two phase ow we chose the so called "quarter of ve spot", which is a model problem in oil recovery (cf. 10 for the governing equations). The spatial domain is a horizontal cut of an oil eld, where a periodic arrangement of injection and production wells is considered. Figure 2 should clear the setting. In one space dimension this problem simpli es to the so called "Buckley-Leverett" equation. It can be seen that this two dimensional solution has the same structure as the one dimensional. In Figure 3 the horizontal line gives the exact value of the concentration, where the one dimensional solution changes from the shock into the rarefaction wave. Figure 4 shows the two dimensional evolution of the concentration. 
